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Approximate Dynamic Programming:

Model-Free Adaptive Dynamic Programming for
Uncertain Linear Continuous and Discrete-Time 

Systems
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Highlights: ADP & Control Theory

Unlike decision theory (MDP), in control theory:

1. State space is continuous

2. Action space is continuous

3. The dynamics evolve in continuous-time as well as in discrete-time
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Highlights: ADP & Control Theory

I. Optimal control theory and policy iterations: HJB equations
Continuous-time
Discrete-time

II. Dynamic games and policy iterations: HJI equations
Continuous-time
Discrete-time

Main characteristics of Parts I and II:
Optimization is carried offline
The model is required
Initial stabilizing policy is required
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Highlights: ADP & Control Theory

III. Optimal control theory and heuristic dynamic programming
Discrete-time Convergence is established
Continuous-time   ??

IV. Dynamic games and heuristic dynamic programming
Discrete-time        Convergence is established
Continuous-time   ??

Main characteristics of Parts III and IV:
Optimization is carried online
The model may not be required
Initial stabilizing policy is NOT required
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ADP Adaptive Critics
The Adaptive Critics Architecture

System

Action network

Policy Evaluation
(Critic)

iJ µ

( )i kxµ
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The Big Picture
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Part I

Optimal control theory 
and 

policy iterations
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Continuous-time (CT)
Consider the following linear system with a constrained input,

It is desired to solve the following optimal control problem

Using Pontryagin’s Minimum Principle and calculus of variations, the
optimal controller u*(t) solves the following split boundary conditions
differential equations
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The Hamilton-Jacobi-Bellman (HJB) Equation
The HJB equation becomes

and the optimal controller is given by

The optimal controller depends on the value function of the optimal
control problem V(x). Once V(x) is determined, u*(x) is. Note that V(x) solves a
complicated nonlinear differential equation given by
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Policy Iterations and Optimal Control
A stable policy always have a value or a cost:

Using policy iterations to break the HJB of constrained input systems into 
a sequence of Lyapunov equations linear in V.
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Policy Iterations and CT LQR
The HJB for linear systems is:

which requires solving an algebraic Riccati equation.

Policy iterations in this case is Newton’s method to solve the algebraic Riccati 
equation
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Neural Networks Least Squares Solution 
for Vi (x) in Policy Iterations - I

First, a neural network is used to arbitrarily approximate the cost function
in the Lyapunov equations

The performance function W(u) is selected as

When VL is substituted in the Lyapunov equation, a residual error appears
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Discrete-time (DT)
Optimal control

requires solving the DT HJB
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DT policy iterations
For any stabilizing policy

DT Policy iterations

DT LQR:
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Part II

Dynamic games 
and 

policy iterations
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Dissipative Dynamical Systems.
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Dissipative Systems
The Hamiltonian of the above optimization problem is

Stationary point

Costate

Worst-case disturbance
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Solving for Va Iteratively

The iterative solution goes as follows
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H∞ Optimal Control for Constrained Input Systems
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The Hamilton-Jacobi-Isaacs (HJI) Equation
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Policy Iterations and Game Theory
0u a stabilizing control with region of asymptotic stability 0Ω
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CT LQ Game
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DT LQ Game
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Part III and IV

Model-free online optimization
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From Machine Learning to System Theory

In this part, results for both discrete-time and continuous-time are shown for the 
case of linear systems and Algebraic Riccati Equation.

The results here are an extension to already known technique for Machine 
Learning. In particular, Markov Decision Problems (MDP).

System theory is more involved than MDPs due to the fact that both the action 
space and the state space are continuous for both discrete-time and continuous-
time.
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Solution of the Discrete-Time Zero-Sum Game 
using Approximate Dynamic Programming

This research combines between the following different areas

H-infinity Optimal control

Game Theory (Zero-sum games)

Reinforcement Learning (Q-Learning & Heuristic Dynamic Programming)

Neural Networks (NN)
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Dynamic Programming: 
Backward-in-time Formulation

Consider the following continuous-state and action spaces discrete-time
dynamical system

The zero-sum game  problem can be formulated as follows:

The goal is to find the optimal strategies (State-feedback) for this multi-
agent problem

Using Bellman optimality principle “Dynamic Programming”
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ADP Adaptive Critics
The Adaptive Critics Architecture

System

Action network

Policy Evaluation
(Critic)

iJ µ

( )i kxµ
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Heuristic Dynamic Programming: 
Forward-in-time Formulation

This is an Approximate Dynamic Programming Scheme (ADP) where one 
has the following incremental optimization

which is equivalently written as

Neural networks are used to have closed form representation of

The HDP algorithm in fact is iteration on  the Riccati equation 
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Two ways for Discrete-time 
Policy Iterations
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DT HDP vs. Finite Horizon Optimal Control

0
)(

0

1
1

=
+−+= −

+

P
APBBPBIBPAQAPAP i

T
i

T
i

T
i

T
i

Forward-in-time policy iteration

0
)( 1

1
111

=
+−+= +

−
+++

N

k
T

k
T

k
T

k
T

k

P
APBBPBIBPAQAPAP

Backward-in-time optimization



December 9, 2006 32

DT DHP
DHP solution of the GARE
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Q-Learning: Action Dependent Heuristic Dynamic 
Programming

Dynamic Programming: Backward-in-time

Heuristic Dynamic Programming: Forward-in-time

Neural networks are used to have closed form representation of
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Convergence Proofs
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Policy iteration

Start of the Zero-Sum
 AD HDP

Initialization

Solving the least-squares
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Approximate Dynamic Programming Solution of 
the Continuous-Time Optimal Control

Infinite-horizon optimal control:
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Policy iterations solution
The following Newton’s method to solve the ARE results
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Heuristic Dynamic Programming
For stable control policies:

For any control policy, not necessarily stabilizing, the cost is heuristically 
approximated as:

The HDP method:
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HDP convergence
The result is a Quasi-Newton method:
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HDP convergence
The result is a Quasi-Newton method:
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CTHDP convergence – Quasi Newton Method
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Closing comments concerning CT HDP

( ) ( ){ }( ) ( )

0
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Taking the limit as 0T →

0(0) .

T TP A P PA PBB P Q
P P
= + − +

=

�

At the infinitesimal level, ADP solves the ARE through forward 
integration of the Riccati Equation with the terminal boundary 
condition being the initial condition of the forward integration
No stabilizing policy required.
No knowledge about the A matrix is needed.
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Closing comments concerning CT HDP

Therefore, in continuous-time. The critic evaluation 
and update is carried in continuous-time. Action 
network updates are done in discrete-time
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Thanks for your attention!Thanks for your attention!


