Approximate Dynamic Programming:
Model-Free Adaptive Dynamic Programming for

Uncertain Linear Continuous and Discrete-Time
Systems
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Highlights: ADP & Control Theory

O Unlike decision theory (MDP), in control theory:

1. State space is continuous
2. Action space is continuous
3. The dynamics evolve in continuous-time as well as in discrete-time
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Highlights: ADP & Control Theory

l. Optimal control theory and policy iterations: HIB equations
] Continuous-time
] Discrete-time

1. Dynamic games and policy iterations: HJI equations

] Continuous-time
] Discrete-time

Main characteristics of Parts | and II:

O Optimization is carried offline
O The model is required
N Initial stabilizing policy is required
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Highlights: ADP & Control Theory

[11. Optimal control theory and heuristic dynamic programming
I Discrete-time Convergence is established
I Continuous-time ??

V. Dynamic games and heuristic dynamic programming

O Discrete-time Convergence is established
B Continuous-time ??

Malin characteristics of Parts |1l and IV:

O Optimization is carried online
O The model may not be required
N Initial stabilizing policy is NOT required
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ADP Adaptive Critics

o  The Adaptive Critics Architecture

Action network +—

I
J,Ui <
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The Big Picture

Optimal Control Theory
J(X,) =min jw(x,u)dt
0

Nonlinear Control Systems
X=f(x)+g(xX)u

Neural Networks

ADRP,

Game Theory
r Machine Learning

J(X,) =min maxjw(x,u,d)dt
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Part |

Optimal control theory
and
policy iterations
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Continuous-time (CT)

Consider the following linear system with a constrained input,

X, (1) =%, (t)
%, () =—x, @) +ut), —l<u(t)<+l Vte[t,t,]

It is desired to solve the following optimal control problem

V(x,) = muinj%[xf(t)+u2(t)]dt

Using Pontryagin’s Minimum Principle and calculus of variations, the
optimal controller u™(t) solves the following split boundary conditions
differential equations

December 9, 2006 8



The Hamilton-Jacobi-Bellman (HJB) Equation

The HJB equation becomes

0= min {XTQX + jgﬁ‘l (V)dv+V, (X)[ f (x)+ g(x)u]}.

u(t)

and the optimal controller is given by
u(x)=-g(:R*'g" (X)V.(x)).

The optimal controller depends on the value function of the optimal
control problem V(x). Once V(x) is determined, u™(x) is. Note that V(x) solves a
complicated nonlinear differential equation given by

o)
V] ( f—g-g(% R‘lgTVX))+ X'Qx+2 [ ¢ (W)dv=0, V(0)=0.
0
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—!

Policy Iterations and Optimal Control

o A stable policy always have a value or a cost:

) -\
VJ-(XO)Z_[O [Q(X) +W (u;)]dt uJ'*l(X):_d)E?R | dxj

O Using policy iterations to break the HIB of constrained input systems into
a sequence of Lyapunov equations linear in V.

(0)
u®  [solve for V(0)> d\c/l ( f+qu® ) +X QX+W@u?) =0
X

P\
(f+0u®)+x"Qx+W(u®) =°€olve for va)] u® =‘¢(%R 9 j

dv®
dx

dx

)
u® = —¢[§ R™g’ d\(;x j Solve for V<2> —dZ 2 (f+gu®)+x"Qx+W(u®)=o.
X
0
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Policy Iterations and CT LOR

O The HJB for linear systems is:
X" (ATP+PA-PBB"P+Q)x=0

which requires solving an algebraic Riccati equation.

O  Policy iterations in this case is Newton’s method to solve the algebraic Riccati
equation

T T
(A-BB'P)"P,

j+1

+P.,(A-BB'P)+PBB"P, +Q =0

|

-1
P =P, —(Ric; | Ric(R), i=01...

j+1
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Neural Networks Least Squares Solution
for V; (x) in Policy Iterations - |

O  First, a neural network is used to arbitrarily approximate the cost function
In the Lyapunov equations

VO (x) =D wio (x) =w{ VYo (X).
=1

o The performance function W(u) is selected as
W (u) =2 j tanh~*(v)" Rdv.
0

O When V, is substituted in the Lyapunov equation, a residual error appears

_ _ _ y® [U(i):|2
WTL(')VGTL(f+gu('))+Q+2u(')R Atanhl(fj + A’RIn 1—T = g(X).
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Discrete-time (DT)

o Optimal control
X = T (%) +9(x)u, V(X,) = Z X, QX, +U, Ru,
k=0

requires solving the DT HJB

V*(x,) =min| X' Qx, +ul Ru, +V*(xk+1)]

k

=min| X Qx, + Uy Ru, +V " (f(x)+9(%)u, )|

Uy

, 1 dv*(x,.
u (Xk):_ER 19(Xk)T dX( ‘ 1)
k+1
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DT policy iterations

O  For any stabilizing policy

Vj (Xo) — iXkQXk +uj(Xk)Ruj(Xk)

O DT Policy iterations

Vi (%) =% Qx, +U; (X )RU, (X ) +V, (X,,)

Vj (Xk+l) _Vj (Xk) = _X;-ka _UJT (Xk)Ruj (Xk)

1 _ dV(X+)
uj+1(Xk) :_ER 19(Xk)T —

k+1

o DTLQOR:
T T
(A+ BLJ.) P, (A+ BLJ.)—Pj =-Q-L;RL,
T -1RT
Lj=—(I+B PjB) B'P,A
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Part |1

Dynamic games
and
policy iterations
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Dissipative Dynamical Systems.

d

Z .
X=1(X)+k(X)d |___ " Disturbance

Penalty output <——
Z =h(x)

I T(hTh—72||d||2)dts
. : 0
?‘)-”Z(t)” dt ) _([(h h)dt !‘(hTh_ ||d|| )

o = <y’
! [d ] dt ! [d ] dt )

for all L, disturbances
and a prescribed gain 0<V, (%)=
v?> when the system is
pecerit SBGE, X5=0. 16

L,-gain

Find smallest y? so that

{}
R
]

h—7*[d[f )dt <oc




Dissipative Systems

The Hamiltonian of the above optimization problem is
H(p,d)=p" (f(x)+k(x)d)+h" (x)h(x)—y°d"d

Stationary point ﬁ:o d(x)* :ik X)"
= -0 (x) 52 (X)' p
Costate = av,
dx

Worst-case disturbance

O:m(?x{d;/ (FO)+k)d)+ [z -7 |d @) }:d(X) =

dv, +— 1 dv,’ k' dV"*JrhTh:O, V.(0)=0
dx 4y* dx dx
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Solving for V_ Iteratively

0 The iterative solution goes as follows

d® =0 [Solve for V(0> av®
dx

(f+kd<°>)+hTh y Hd(O)H =0

@7 (0)
av (f+kd®)+hTh—y?[d®| = 0€olve for V@ |d® = 12 9V
dx 2y dx

L 1 dv®

d® =
2y° dx

Solve for V(2> d\éx (f +kd(2))+hTh 4 Hd(Z)H =0
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H., Optimal Control for Constrained Input Systems

Penalty output Disturbance
Z d
«— Xx=f(X)+g(Xu+k(x)d |«——
Measured Y | Y=X u Control
output 2=y (x.u) <
u=I(y)
where
2 T 2
Find control u(t) so that HZH =h h+ HUH
| ()| dt j(hTh+|u||2)dt for all L, disturbances
0 _ 0 <»? and a prescribed gain
lofer, [laofa — Fwnen e systemis
.0 Decembler 9, 2 A at reSt, XO_O' 19




The Hamilton-Jacobi-lIsaacs (HJI) Equation

V(u,d)= j(hTh+||u|| -7 Jd[f)dt <0

V(%) = m.nmaxj(hTh+||u|| -7 | )dt <o

Hamilton-Jacobi-Isaacs (HJI) equation .
0=V'f+h'h-1V 'gRg'V + FVXT kk'V,
Y
Stationary Point
u*=-1R™g" (X)V, Optimal control
d*= 2—12 k' (X)V, Worst-case disturbance

If HJI has a positive definite solution V and the associated closed-
recemilOBSYStem is AS, then L, gain is bounded by y2 20



Policy Iterations and Game Theory

Start: U, a stabilizing control with region of asymptotic stability Q,

— Outer loop- update control
Initial disturbance d° =0

> Inner loop- update disturbance

o)’
OX

(f+gu;+kd)+h"h+uTu;—»*(d")'d' =0

oV

OX
L Iterate i until convergence to (g~ V" with RAS Q7
' i

: 1
Inner loop update d"* = ?kT (X)
Y

Outer loop update

oV ™.
u,,=-<9g"(x ‘
j+l 2g ( ) 8X
pecemperszoos ItEFALE | until convergence tou_, V™ with RAS Q 1

End




CT LQ Game

o  For linear systems:
X = AXx+ Bu + Ed

V = min max {(XTQX+||U||2 -7 |d[ ) o

O  Inner loop policy iterations solve the bounded real lemma

(A +EETP! ) P+ PY(A +EETP! ) +Q, _Lp BB"P', =0

j+1 2 j+1
A = A-BB' P, Q= P;’”BBT P”+Q
=—BBTPJ.°°X
_ 1 _
1+1 T i
d;" =—EE'P/x
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DT LQ Game

o  For linear systems:

X, = AX, +Bu, +Ed,

V (%,) = min m?xekTka +u,u, —y°d, "d,
. k=0
O  Inner loop policy iterations solve the bounded real lemma
i+1 Tpi+l T AVAIRVA
P —A P7A =Q+L,RL, —y"K; K;
A, = A+BL,
i 2T pi 21\-1 T pi
Ki==y"(E'RE-yI)"E PA
T -1pT o0
L. =—(1+B"PB)'B'P(A+EK?)
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Part 11l and IV

Model-free online optimization
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From Machine Learning to System Theory

O  Inthis part, results for both discrete-time and continuous-time are shown for the
case of linear systems and Algebraic Riccati Equation.

O  The results here are an extension to already known technique for Machine
Learning. In particular, Markov Decision Problems (MDP).

O  System theory is more involved than MDPs due to the fact that both the action
space and the state space are continuous for both discrete-time and continuous-

time.
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Solution of the Discrete-Time Zero-Sum Game
using Approximate Dynamic Programming

O  This research combines between the following different areas

m H-infinity Optimal control

m Game Theory (Zero-sum games)

ul Reinforcement Learning (Q-Learning & Heuristic Dynamic Programming)

m Neural Networks (NN)
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Dynamic Programming:
Backward-in-time Formulation

O  Consider the following continuous-state and action spaces discrete-time
dynamical system

X1 = AX, +Bu, +Ew, xeR" U eR™
Vi = X, yeR? w, eR™
O  The zero-sum game problem can be formulated as follows:

V(x,)=minmax > [xTQx, +ulu, -y w'w,]

O The goal is to find the optimal strategies (State-feedback) for this multi-
agent problem

u"(x) = L'x w(x) = KX

O  Using Bellman optimality principle “Dynamic Programming”
V*(x,)=minmax(r(x,u,)+V (X))

=minmax(x, Qx, +u,u, — 72w, w, + X, Px ).
Uy Wy
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ADP Adaptive Critics

o  The Adaptive Critics Architecture

Action network +—

I
J,Ui <
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Heuristic Dynamic Programming:
Forward-in-time Formulation

O  This is an Approximate Dynamic Programming Scheme (ADP) where one
has the following incremental optimization

Vi (%) =min mwax{xl Qx, +u,u, —y°wyw, +V, (xk+1)}
which is equiva:IentIky written as
Vi (X)) = X QX + U7 (XU (%) = 77w (X)W (%) +V; (Xt
O  Neural networks are used to have closed form representation of
V (X, p)=p/ X  G(xL)=Lx W(x, K,) =K x
d (Xis Pi) = % Qi +(Lix )" (Lix) =7 (Kix )T (Kix) + py Xy
Pra =arg ming]| pL, X~ d(x, py) * 3
O The HDP algorithm in fact is iteration on the Riccati equation

|+B'PB B'PE }TBTRA}

P,=A"TPA+Q-[ATPB A'PE
'*1 ATQ-IAR ] E'TPA  E'PE-#%I| |ETPA
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Two ways for Discrete-time
Policy Iterations

P - AJT Pi"A; =Q+LiRL; -y K{ K] Requires stable
A, = A+BL, initial policy
Ki=—y2(ETP/E-»’I)"E"P/A
L, =—(+ B'PB)'B'P(A+ EKY)

|+B'"PB B'PE | [B"PA
P.=ATRA+Q-[ATRB ATPE]| " ! }{

E'PA  E'PE-/’I
P, =0

Does not
require a stable

December 9, 2006 in |t|a| pOI |Cy
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DT HDP vs. Finite Horizon Optimal Control

P.=A"PA+Q-A"PB(1+B'PB)"B'PA

P, =0

Forward-in-time policy iteration

P =A"P_A+Q-A'P_B(I+B"P_B)'B"P_ A
P, =0

Backward-in-time optimization
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DT DHP

O DHP solution of the GARE

Aa (X)) = —ng;()(k )
_6r(xk,ui(xk),wi(xk))+ ou. (X,) ! 8r(xk,ui(xk),wi(xk))+
- OX, OX, ou; (X)
ow, (x,) ) N0, U (6 )W (%))
OX, oW, (X, )
OXy.1 ' oV, (Xk+1)+ ou; (X, ) ' OXy 11 ' oV, (Xk+1)+
OX, OXy1 OX ou; (%) OXy1
ow (6)) [ %er ) Vi(¥ea)
OXy ow; (X, ) Xy
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Q-Learning: Action Dependent Heuristic Dynamic
Programming

0 Dynamic Programming: Backward-in-time
Q" (X, Uy, W) = (X RX, + U Uy — 7 W w, +V 7 (%, ;)
= (u;.w;) = arg{ min max Q" (X, u,, w,)}

Uy Wy

O  Heuristic Dynamic Programming: Forward-in-time

Q... (XU, W) =X Rx +u'u —*W'w, +minmaxQ,(x

Ugsa Wiy

T T 2
= Xy ka +uu, —y Wk W, +Vi (Xk+1)

k+1 ’ k+11? k+1)

=X Rx, +u u, —y*w,w,_+V.(Ax, + Bu, + Ew,)

O  Neural networks are used to have closed form representation of
hiaZ(x) =d(Z(x,).h) Gei(xk) =L X +ny, Wy (X, ) = KX, + 1y,
d(z, (), Hi) = X RX +G (06T G5 (%) = 7 W5 () W (%, ) +

Qi (Xk+17ai (Xk+1)’ V,\\li (Xk+1)
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Convergence Proofs

h, =(227)*ZY
Z=[z(p) 2(p2) - Z(pN)]
Y =[d(z(pD),h) d(z(p2).h) - d(z(pN)h)T".

o  Convergence
.

Q 0 O0 A B E A B E
H.,=/0 I 0 |+ LA LB LE|H|LA LB LE
0 0 —y%1| |K,A KB KE KA KB KE

O  The result is a model free Adaptive Controller that converge to an
H-infinity optimal controller

0 No requirement what so ever on the model plant matrices

December 9, 2006

34



Start of the Zero-Sum
AD HDP

Initialization
ho =V(h0)=O:PO =0

December 9, 2006

i=0,Lg =0,Kg =0.

Solving the least-squares

z=1

z‘ ]

7 7
-N-1  "*k=N-2 Xk-1

Y =10z _N-1.hi) d(Z_N-2.N})

T -1
hiyg = (22 ) zv

Hipg = Thiyg)

d(Zqoh; N

Policy iteration

-1 -1

Liva = (Hyy = HywHuwwHwu)(HuwHwwHwx = Hux):
-1 -1

Kitez = (Hww = HwuHuoHuw)HwuHugHux = Hwx)

i—i1+1

4« No <

Yes

C Finish )
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Approximate Dynamic Programming Solution of
the Continuous-Time Optimal Control

o Infinite-horizon optimal control:

X = AXx+Bu
_ - P T T
V(xo)_u(tr)ry[gw] ; {x Qx+u Ru}dt
Value function V(x) = X" Px
ARE A'P+PA-PBB'P+Q=0

Optimal control policy y=-R'B"P
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Policy iterations solution

O  The following Newton’s method to solve the ARE results

(A-BB"P)"P_,+P_(A-BB'P)+PBB'P+Q=0

P, =P —(Ric,) Ric(R), i=01...

X = ax+bu
pi + pia_ pib2 pi +(
2(a—bp;)

p|+1 pl

December 9, 2006 37



Heuristic Dynamic Programming

O  For stable control policies:
V (x(t)) :jf{xTQx+uT Rufdz

t+T T T
= L {x QX+u Ru} dt+V (x(t+T)).
o  For any control policy, not necessarily stabilizing, the cost is heuristically
approximated as:

V(x(t)) = j:”{xTQHuT Rul dt +W (x(t+T))

0  The HDP method:
Vo () = [ (X Qx+ Ul Ru dr +V, (x(E+T)), Vo =0

V() _

u=-R"'B' =—R'B'Px=Lx
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HDP convergence

O  The result is a Quasi-Newton method:

i+1

P.. = IT {((E(A+'3L‘)t )T [Q +L L ](e(A+BLi)t )} dt +(e<A+BLi)T )T D Q(A+BL)T
0 o i

Vi1 (X(1) = =x" ()Qx() —u] ()R (1)
+X (t+T)QX(t+T)+u (t+T)Ru (t+T)
V. (X(t+T))

(A+BLY P+ P, (A+BL)+LIL, +Q
+(e(A+BLi)T )T I:ATPi+RA—RBBTR+Q]9(A+BLi)T.

i
December 9, 2006

P _P- IOT {(e(A+BLi)t )T (AR +PA—PBB'R +Q](c"™ )} dt
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HDP convergence

O  The result is a Quasi-Newton method:

(A+ BLi)T I:)i+1 + I:)i+1('6‘+ BLi)+ L-lr I‘i +Q =
+(e(A+BLi)T )T [AT P| n PiA— PiBBT P| +Q:|e(A+BLi)T .

_p = J‘T {(e(AJrBLi)t )T I:AT P+PA- PiBBT P _|_Q:|(e(A+BLi)t )} dt
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CTHDP convergence — Quasi Newton Method

(A-BB'R)'R,+PR,(A-BB'R)=(A-BB'R) P +R(A-BB'R)
~|A"R+RA-PBB'R +Q|

+(e(A+BLi)T )T [AT P+PA- PiBBT P +Q:|e(A+BLi)T .

Ric{p)
A
Rie(p)>0 | Ric(p)<0
Antistahilizing, : Stahilizing, .
P<0 g P> X = ax+bu 2
\ | / _ ap, + pa—pbp,+q
| Pin =0~ 2(a—bp,)
| : o = 1 p2(@+bl)T i
I
|
I
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Closing comments concerning CT HDP

P(T)-P(0)= [ {(e(‘”Bmt ) [A"P(0) +P(0)A~P(0)BBP(0) +Q ] (e*"*" )} dt

Taking the limitas T _y 0

P=A"P+PA-PBB'P+Q
P(0)=F,.
At the infinitesimal level, ADP solves the ARE through forward

Integration of the Riccati Equation with the terminal boundary
condition being the initial condition of the forward integration

No stabilizing policy required.
No knowledge about the A matrix is needed.
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Closing comments concerning CT HDP

Therefore, In continuous-time. The critic evaluation
and update Is carried In continuous-time. Action
network updates are done in discrete-time
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