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Definition 2.1:  Admissible Controls   
 
Let )(ΩΨ  denote the set of admissible
controls. A control mnu ℜ→ℜ: is defined 
to be admissible with respect to the state
penalty function )(xQ  on Ω , denoted 

)(ΩΨ∈u , if: 
• u is continuous on Ω , 
• 0)0( =u , 
• u  stabilizes (1) on Ω , 

• [ ]∫
∞

∞<+
0

)()( dtuWxQ , Ω∈∀x  

 

A stabilizing control  
may not be admissible! 
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Generalized HJB Equation

Optimal Control (SVFB)

Hamilton-Jacobi-Bellman (HJB) Equation
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)0(u a stabilizing control

Gives u(x) in SVFB form

A contraction map
(Saridis)

PROBLEM- HJB usually has no analytic solution
SOLUTION- Successive Approximation

Converges to optimal solution

Saridis and Beard used Galerkin
Approx to allow for GHJB solution
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Problem- cannot solve HJB

Solution- Use Successive Approximation on GHJB

( ) ( ) 0)0(,0)(2)( )(

0

1)(
)( )(

==+++
∂

∂
∫ − iu Ti

Ti

VdRxQguf
x

V i

μμφ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
−= −+

x
VgRu

Ti
Ti

)(
1)1(

2
1φ

)0(u a stabilizing control

Iterate:
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Lemma 3.1: Improved Saturated Control Law 
If ( ) ( )iu ∈ Ψ Ω , and ( )iV satisfies the equation 

( ) ( )( , ) 0i iGHJB V u =  with the boundary condition
( ) (0) 0iV = , then the new control derived as 

( )
( 1) 11 ( )( ) ( )

2

i
i T V xu x R g x

x
φ+ −⎛ ⎞∂

= − ⎜ ⎟∂⎝ ⎠
 

is an admissible control for the system on Ω . 
Moreover, if the control bound ( )φ ⋅  is 
monotonically non-decreasing and ( 1)iV +  is the 
unique positive definite function satisfying the 
equation ( 1) ( 1)( , ) 0i iGHJB V u+ + = , with the boundary 
condition ( 1) (0) 0iV + = , then ( 1) ( )( ) ( )i iV x V x+ ≤  Ω∈∀x . 

Theorem 3.2: Convergence 
of Successive 
Approximations 
If (0) ( )u ∈Ψ Ω , then  
1. ( ) *iV V→ uniformly on 

Ω  
2. ( ) ( ), 0iu i∈ Ψ Ω ∀ ≥  

3. 
( ) *iu u→  
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Lemma 3.4: Optimal Saturated Control has the Largest Stability
Region 

The saturated control 
*u has a stability region that is the largest

of any other saturated control ( )iu that is admissible with respect
to ( )Q x  and the system ( , )f g . 

 Note that there may be stabilizing saturated controls that 
have larger stability regions than *u , but are not admissible with 
respect to ( )Q x  and the system ( , )f g . 
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Problem- Cannot solve GHJB!

Solution- Neural Network to approximate V(i)(x)
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Two-Layer Neural Network with adjustable output weights
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Nonzero residual!
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Neural-network-based nearly optimal saturated control law. 
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To minimize the residual error in a LS sense

Evaluate the GHJB at a number of points ΩNxxx ,...,, 21 on
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Evaluating this at N points gives
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L x N coefficient matrix

Solve by LS

NN Training Set!
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Select the N sample points xk

Uniform Mesh Grid in

Approximation error is 
(Barron)

Random selection- Montecarlo

Approximation error is 

Montecarlo overcomes NP-complexity problems!

N
1

n

N
/2

1

nR
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Uniform grid of 
Separable Gaussian activation 
functions for RBF NN

ASIDE-

Useful for reducing complexity of 
fuzzy logic systems?
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Lemma 3.1: Equation (28) will have a unique
solution when  
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where ρ  is a positive constant, and I is the identity 
matrix. This is a persistency of excitation (PE) 
condition on ),( )1( −i

Lk WxA . 

This guides the 
choice of the N 
sample vectors 
xk

NN Training Set must be PE



19

[ ]
0

( ) ( )V Q x W u dt
∞

= +∫ ( )1

0

( ) 2 ( ) ,
u

T
W u Rdφ μ μ−= ∫

Algorithm and Proofs work for any Q(x) in Constrained input given by

CONSTRAINED STATE CONTROL

1
( , )

c
kn

T l

l l l

xQ x k x Qx
B α=

⎛ ⎞
= + ⎜ ⎟−⎝ ⎠

∑ k large and even

MINIMUM-TIME CONTROL

( )1

0 0

tanh( ) 2 ( )
u

TTV x Q x Rd dtφ μ μ
∞

−⎡ ⎤
= +⎢ ⎥

⎣ ⎦
∫ ∫

0

1 ,
st

V dt= ∫For small R and 0>>QxxT this is approx.



20

Example: Linear system
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( )1 20 tanh 0.4142 3.4142u LQR x x= = − +

Region of asymptotic stability for the initial controller,
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